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Abstract 
The discovery of graphene and other two-dimensional (2-D) materials has stimulated 
a general interest in low-dimensional (low-D) materials. Whereas long time ago, 
Peierls (Peierls, 1935) and Landau’s (Landau, 1937) theoretical work demonstrated that 
any one- and two-dimensional materials could not exist in any finite temperature 
environment. Then, two basic issues became a central concern for many researchers: 
How can stable low-D materials exist? What kind of low-D materials are stable? Here, 
we establish an energy stability criterion for low-D materials, which seeks to provide 
a clear answer to these questions. For a certain kind of element, the stability of its 
specific low-D structure is determined by several derivatives of its interatomic 
potential. This atomistic-based approach is then applied to study any straight/planar, 
low-D, equal-bond-length elemental materials. We found that 1-D monatomic chains, 
2-D honeycomb lattices, square lattices, and triangular lattices are the only four 
permissible structures, and the stability of these structures can only be understood by 
assuming multi-body interatomic potentials. Using this approach, the stable existence 
of graphene, silicene and germanene can be explained. 
Keywords: Existence criterion; Low-dimensional system; Interatomic potential; 
Mechanical stability 
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1. Introduction 
Currently, one-dimensional (1-D) and two-dimensional (2-D) materials are very hot 
topics in research and development because of their extraordinary properties (Balandin 
and Nika, 2012; Casari et al., 2016; Geim and Novoselov, 2007; Novoselov, 2011). 
Scientists have successfully fabricated many types of the low-dimensional (low-D) 
materials, such as carbon atomic chains (Jin et al., 2009a), graphene (Novoselov et al., 
2004), silicene (Feng et al., 2012), germanene (Davila et al., 2014) and so on 
(Balendhran et al., 2013; Ji et al., 2015; Jin et al., 2009b; Lu et al., 2014; Ohnishi et al., 
1998; Pacile et al., 2008; Zhu et al., 2015). Peierls (Peierls, 1935) and Landau (Landau, 
1937) proved some time ago that strictly 1-D and 2-D materials were 
thermodynamically unstable because of the infinite fluctuation of atomic displacement 
at any finite temperature, and their conclusion was later supported by Mermin and 
Wagner (Mermin, 1968; Mermin and Wagner, 1966). Using Bogoliubov’s inequality, 
they demonstrated that the crystalline order could not be maintained in low-D materials 
(Mermin, 1968). Such an obvious contradiction between the aforementioned 
theoretical predictions (hereafter referred to as PLM theory) and the experimental 
results created much confusion in the scientific circles. Actually, the dilemma can be 
clarified as follows: 
1. The atomic movements of low-D materials considered in PLM theory is 
constrained in the low-D space where they are defined. However, the low-D materials 
are embedded in the 3-D space. In fact, the bending vibration plays a significant role 
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in the stability of low-D materials. Therefore, the PLM theory is not appropriate for 
suspended low-D materials.  
2. According to PLM theory, the mean square fluctuation displacement of atoms 2u  
in low-D materials becomes infinite when the dimensions of the body become 
arbitrarily large, and thus the crystalline orders of such materials are destroyed by the 
thermal fluctuations. However, in small-size, low-D materials, 2u  remains finite 
based on Peierls and Landau’s derivation. As a result, it is not surprising that the finite-
size, low-D materials can stably exist in a laboratory environment. Even the size of 
low-D materials becomes infinite, the fluctuation of the distance between neighboring 
atoms, such as atom 1 and atom 2 ( 
2
( ) ( )1 2u r u r ), is finite. This is to say, although 
2
u  is divergent, the chemical bonds ruptures would not occur. The structure can still 
maintained integrity in low-D lattices. Therefore, large low-D materials can stably exist. 
Therefore, it can be found that the PLM theory cannot provide a solid criterion for 
the existence of low-D materials. Extensive research has been done on the stability of 
low-D materials (Fasolino et al., 2007; Los et al., 2015; O’hare et al., 2012; 
Zakharchenko et al., 2011), yet all of these works focus on the phase transition 
behaviors of these materials. Nonetheless, a criterion for the stable existence of low-D 
materials is still not available. To be more specific, it is still unclear what parameters 
determine the existence of low-D materials and what kind of element can form low-D 
materials. 
The existence criterion for 3-D materials was worked out by Born and his co-workers 
(Born, 1940). In their works, the criterion was constructed from the positive 
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definiteness of the atomistic-based macroscopic deformation energy based on the 
minimum free energy axiom, and it was expressed in the form of inequalities for the 
interatomic potential-related constants. Once the details of interatomic potential are 
known, we can determine whether the atoms can form a stable specific 3-D structure. 
In this paper, we develop an analytical atomistic-based energy approach to establish 
the existence criterion of low-D materials by considering their exotic low-D 
geometrical features. This approach relies on a two-step-deduction: deriving, first, the 
extreme value condition, and then, the positive definiteness of interatomic potential, 
and the criterion is expressed in the form of inequalities for several parameters of 
interatomic potential. For a brief explanation, we apply this general approach to derive 
the exact conditions determining the existence of straight/planar, low-D, equal-bond-
length elemental materials for an arbitrary interatomic potential, and then the 
parameter-based phase diagrams are established to show the consequence of these 
existence criteria. The existence criteria of straight/planar low-D equal-bond-length 
elemental materials described by two typical types of atomistic potentials, pair 
potential and reactive empirical bond-order (REBO) potential (Brenner et al., 1991; 
Brenner et al., 2002; Stuart et al., 2000), are established. We find that the planar 2-D 
honeycomb structure is found to be the most stable one among all planar equal-bond-
length structures, and the carbon has a stable planar 2-D honeycomb structure while 
silicon and germanium do not. Finally, the existence of the 2-D honeycomb-like 
buckled structure is also explored. It is shown that the honeycomb-like buckled 
structures of silicon and germanium are stable, which agrees with the theoretical and 
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experimental studies of silicene and germanene (Cahangirov et al., 2009; Davila et al., 
2014; Feng et al., 2012; O’hare et al., 2012). 
 
2. An atomistic-based existence criterion for low-D materials 
  According to thermodynamics, it is well known that the free energy F  of a 
material should be kept to a minimum for its structure to be stable. The free energy of 
a crystal at finite temperature can be expressed in the form of: 
 ln vF kT Z ,                        (1) 
where   is the total interatomic potential of the crystal, and vZ  is the part of the 
partition function depending on the vibrations. However, it is difficult to apply Eq.(1) 
directly, because the complete phonon spectrum is difficult to derive analytically. Born 
(Born, 1940) proposed that the stability considerations remained valid when the 
thermodynamical system degenerated into a mechanical one. Here, analogous to 
Born’s works, we assume that the temperature is sufficiently low, so the effect of 
vibrations can be neglected. The free energy F  becomes identical with the total 
interatomic potential  . The existence criterion of low-D materials is established by 
the following two steps:  
First, we determine the low-D structures that are permissible by deriving the extreme 
value condition of the potential energy of the system. Without loss of generality, the 
total interatomic potential of the materials have the form (Brenner et al., 1991; Brenner 
et al., 2002; Lennard-Jones and Hall, 1924; Los et al., 2005; Morse, 1929; Stuart et al., 
2000): 
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where N  and i  denote the number of atoms and double the potential energy of an 
atom i , respectively.  br , cos , and { }cos  are the sets of bond lengths, related 
bond angles and related torsion angles (the dihedral angle of two different atomic 
planes).  li  describes the lth-nearest neighbor interactions, and 
S
i
 describes the 
short-range interaction (nearest neighbor interaction), while  Li  is a pair potential that 
describes the long-range interaction (Lth-nearest neighbor interactions). The variable 
lr  is the lth-nearest neighbor atomic distance. 
l
 denotes the summation over all 
the lth-nearest neighbor atoms. The upper bound of summation in 
1

m
l
 means mth-
nearest neighbor atomic distance is closest to the cutoff distance of interatomic 
potential. 
   The extreme value condition of   provides a set of equations on the permissible 
initial structures of materials at the equilibrium state. Generally, these equations are 
derived from 
0
=0
 
 
 br
, 
0
 
 
 
const
 
and 
0

 
 
 
const , where the subscript 
“0” denotes the values at the equilibrium state. The latter two equations are usually 
obtained by solving a conditional extreme problem because the angles   and   are 
not independent of each other. The equilibrium bond length 0r  can be derived by 
solving these equations. 
Second, we determine the mechanical stability of the permissible low-D structure. 
For 3-D materials, the strain tensor    characterizes the macroscopic perturbation, 
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thus the interatomic potential has the form     . Then the mechanical stability 
conditions of materials can be derived from the positive definiteness of the quadratic 
terms of   with respect to   . Different from 3-D materials, low-D materials are 
subjected to in-line/plane strain    and curvature   , which cause by stretching 
and bending, respectively.    , ,    xx yy xy  and    , ,    xx yy xy  are tensors 
in 2-D materials, and they degenerate into scalars in 1-D materials. Then, interatomic 
potential can be expressed as a function of    and   , i.e.,     ,   . The 
mechanical stability conditions of low-D materials can be derived from the positive 
definiteness of the quadratic terms of   with respect to    and   . These terms 
have the form: 
2
,
0
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where e , e  denote the elements of    or   . 
  According to Eq. (2), Eq. (3) can be expanded as follows: 
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  Equation (4) expresses , e e  by several derivatives of the potential (e.g., 


l
i
lr
,
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 etc.) at the equilibrium state, and they depend on the analytical 
form of interatomic potential.   
The coefficients of these derivatives of the potential (e.g., 
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 etc.) can be derived from the atomistic-based continuum theory (Arroyo 
and Belytschko, 2002; Born and Huang, 1998; Zhang et al., 2004), which links the 
macroscopic deformation of an atomistic system to that of a continuum. The Cauchy–
Born rule (Born and Huang, 1998) describes the homogenous deformation of 3-D 
materials, and the distance between two atoms i  and j  is affected by strain tensor 
  :    0 2         ij ijr n x n xr , where 
0
ijr , n  and n  are the 
length and direction vectors between atoms i  and j  before deformation. x  and 
x  are components of the shift vector, and they are nonzero when atoms i  and j  
are located in different sub-lattices, , , ,   x y z . Consider a strictly low-D material 
(Novoselov et al., 2005) (i.e., it could be regarded as a single or several smoothly 
curved lines/surfaces). When the initial radius of curvature is much larger than the 
atomic spacing, the vector between two atoms i  and j  on the same line/surface for 
infinitesimal curvature    can be represented by (Wu et al., 2008)  
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where T  are the covariant base vectors lying on the tangent line/surface. 
T  are 
the contravariant components of metric tensors for the covariant base vectors. N  is 
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the unit normal vector to the line/surface. In addition, , , ,     x  for 1-D materials 
and , , , ,     x y  for 2-D materials. 
Note that 2     T T , and it could be found that (Huang et al., 2006): 
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where ,   x  for 1-D materials and , ,   x y  for 2-D materials. Equation (6) 
reduces to the Cauchy–Born rule when =0 . 
ijk  and ijkl  can respectively be expressed as: 
·
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where 
ijkN  and ijlN  are the unit normal vectors of atomic plane ijk  and atomic 
plane ijl . 
  The shift vector x  is determined by minimizing the deform potential energy with 
respect to x : 
0，


x
                          (9a) 
which gives: 
    = ， x x .                       (9b) 
In the case of strictly low-D materials, the coefficients of derivatives of the potential 
in Eq. (4) can be obtained from Eqs. (6)–(9). These coefficients are determined by the 
structure-related parameters. 
The criterion constructed by the two-step deduction provides basic conditions for 
any low-D material to exist. Since different elements possesses different interatomic 
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potential, one can clarify what kinds of elements will form stable low-D materials 
according to this criterion.  
 
3. Existence criterion for straight/planar, low-D, equal-bond-length elemental 
materials 
In this section, we apply the general methodology introduced above to derive the 
exact formula determining the existence of low-D materials with a specific structure. 
Generally speaking, it must be noted that not all bonds in low-D materials are equal in 
length, e.g., carbyne, graphdiyne and graphyne (Ivanovskii, 2013). For simplicity, we 
restrict our consideration to straight/planar, low-D elemental materials where all bond 
lengths are equal. We assume that the sizes of these systems are quite large and the 
boundary effect can be eliminated. 
3.1. Permissible structures 
First of all, we analyze the permissible structures of straight 1-D and planar 2-D 
equal-bond-length elemental materials, respectively. 
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Figure 1. The permissible structures of straight 1-D and planar 2-D equal-bond-
length elemental materials. (a) 1-D monatomic chain. (b) Planar 2-D Honeycomb 
structure. (c) Planar 2-D square structure. (d) Planar 2-D triangular structure. 
 
3.1.1. Straight 1-D equal-bond-length elemental materials 
The straight 1-D equal-bond-length elemental materials are monatomic chains. For 
the 1-D atomic chain, assume that every atom is equal in energy, the total interatomic 
potential has the form:  
    
, ,
1 2
1 1
, .
2 2
   
 
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m m
S L
l S L
i
ll L L
i
S
ic rosN N r      (10) 
One should notice that l br lr . The related bond angles are shown in Fig. 1(a). 
Since there is no geometric constraint for the arguments of  , the requirements of 
extreme value condition for the potential energy are: 
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According to Eq. (11b), since  sin 0
 


  , 
0cos
 
 
 
 is probably nonzero 
and the first derivative terms of   with respect to cos  in Eq. (4) do not vanish. 
 
3.1.2. Planar 2-D equal-bond-length elemental materials 
The interatomic potential of planar 2-D equal-bond-length elemental materials is 
shown in Eq. (2). In this case, the torsion angles are equal to zero in ground state. Since 
there is no geometric constraint for bond length and torsion angles in this case, it can 
be similarly found that: 
0
0,
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                       (12a) 
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Since  
0
sin 0

 

 , 
0
cos
 
 
 
 is probably nonzero. The first derivative terms 
of   respect to cos  in Eq. (4) do not vanish.  
The total interatomic potential   takes the whole bond angle in the materials into 
account. We assume that there are   bonds connecting an atom i  with its 
neighboring atoms. Thus the number of the bond angles which atom i  is at the vertex 
of the angles is 
2
 
  
 
, where    denotes the bracket function. These angles can 
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be classified as
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equations are obtained using the Lagrange conditional extremum theory: 
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where 
1 2
 
2
,  ...   
 
 
 
M
are Lagrange multipliers and they are probably nonzero. As 
 0 0 0
1
cos sin sin
λ
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m m
m
m m
n n n n
, the first derivative terms of   respect 
to cos  in Eq. (4) do not vanish.  
For the concrete form of multi-body potential, we assume 
Φ



 varies 
monotonically with   change. Thus, Eq. (12c) implies that all the elements of a set 
  m  are equal. Remembering that translational symmetry is present in a crystal 
lattice, we draw a conclusion that the planar 2-D equal-bond-length elemental materials 
have three permissible initial configurations: honeycomb structure, square structure 
and triangular structure.  
 
3.2. Mechanical stability  
  As mentioned above, the mechanical stability conditions of low-D materials can be 
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derived from the positive definiteness of the quadratic terms of   with respect to 
   and   . Since    and    are independent of one another geometrically in 
this case, strain and curvature are decoupled in energy. Therefore,    =0，  , and the 
remainder of quadratic terms form a matrix:  
 
 
=
 
 
 
0
0
C
D
N , where the elements 
of  C  and  D  are    
1
， 
N
 and 
   
1
， 
N
, respectively. In this sense, the 
positive definiteness of  C  and  D  reflect the need for stability of low-D 
materials. 
It is noteworthy that  D  shows the leading feature of stability of low-D materials. 
Unlike 3-D materials, the low-D materials are extremely anisotropic because they lack 
restriction in the out-of-line/plane direction. Thus, the out-of-line/plane perturbation 
has a much greater influence on the stability of low-D materials than the in-line/plane 
perturbation. Because the positive definiteness of  C  was introduced in the search 
for in-line/plane stability conditions completed by Born, here, we present  D , which 
is only present in low-D materials, to clarify the out-of-line/plane stability which is not 
a concerned in PLM theory. 
 
3.2.1. Straight 1-D equal-bond-length elemental materials 
Since 1-D monatomic chains possess simple lattice structure, the shift vector in Eq. 
(9) vanishes. Besides, the in-line strain    and curvature    are scalars in this 
case. Thus, Eqs. (6) and (7) have the forms: 
 
2
0 2 011 2 ,
12
   ij ij ijr r r                   (13) 
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 
2
2 20
0
7
cos 1 2 ,
12
  
 
    
 
ijk
ij ik
r
r
r r
               (14) 
where 0r  is equilibrium bond length, which is obtained by solving Eq. (11a). 
Furthermore,  C  and  D  are degenerated into scalars: 
,
,
1
,
1
.
 
 
 
 
C
N
D
N
                       (15) 
In substituting Eqs. (10), (15), and (16) into Eq. (4), the accurate expressions of C  
and D  are: 
2
2
2
1
0
2
0
3
1
0
,
1
2
1
2
4
.
cos 2
lm
i
l
l l l
S lm
i i
l
l l l
C
D
r
r
r r
r
 

 



  
  
  
   
  
   

 
   
  


           (16) 
  Note that 
2 2
2 2
02 2
1 00
 

     
    
     

lm
i i
l
l l l b
r r
r r
, and the mechanical stability condition 
of 1-D materials becomes:  
2
2
0
0,
 
 
 
i
br
                         (17a) 
3
0
2
0
1
1
0.
48cos
S lm
i i
l
l l l
r r
r
 
 
 
   
  
 
 
  
    
           (17b) 
Equation (17a) guarantees that 1-D materials cannot break up along the axial 
direction spontaneously, and (17b) indicates that 1-D materials possess the ability to 
resisting out-of-line perturbation.  
Take carbon atomic chains, for instance, according to second-generation REBO 
potential for carbon bonding (Brenner et al., 2002), we have: 
16 
 
2
3 2
2
2
0
2
0
1
54.34  
Å
1
Å 0.
4
0,
1.14
c 8os
 

 
 
 
  
 
   
  
    
   
i
S lm
i i
l
l l
b
l
eV
r
r r
r
eV
 
It implies that the carbon atomic chains could stably exist and possess the ability to 
resist in-line and out-of-line perturbation.  
   
3.2.2. Planar 2-D equal-bond-length elemental materials 
For planar 2-D equal-bond-length elemental materials, the two matrixes  C  and 
 D  are introduced as: 
 
, , ,
, , ,
, , ,
1
,
     
     
     
   
 
    
 
    
xx xx xx yy xx xy
yy xx yy yy yy xy
xy xx xy yy xy xy
N
C                (18a) 
 
, , ,
, , ,
, , ,
1
.
     
     
     
   
 
    
 
    
xx xx xx yy xx xy
yy xx yy yy yy xy
xy xx xy yy xy xy
N
D                (18b) 
  The mechanical stability conditions can be derived from the positive definiteness of 
 C  and  D , and they correspond to in-plane stability and out-of-plane stability, 
respectively. 
Here, we discuss the mechanical stability conditions of planar 2-D elemental 
materials with the three permissible structures: honeycomb structure, square structure 
and triangular structure, respectively.  
The honeycomb structure is a compound structure which is formed by two triangular 
sub-lattices. Figure 1(b) illustrates the Honeycomb structure, with the related angles 
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of interaction between atom i  and atom j .  
Equation (2) shows the general form of total interatomic potential. Considering the 
symmetry in honeycomb structure, according to Eqs.(4)–(9) and (20), we have: 
 
11 12
21 22
33
0
0 ,
0 0
 
 
 
  
C C
C C
C
C                     (19a) 
 
11 12
21 22
33
0
0 ,
0 0
 
 
 
  
D D
D D
D
D                     (19b) 
where  
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   
   
1 1 2 2
1 2 2
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0
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2
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16
+ ,
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
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



  
  
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l x
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l x
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l l
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B
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r
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r
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C C
B
C
r
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and 
 
   
4
2 3
2 10 0
3
2 2
2 3
2
11 22 0
12 21 0
10
3
3
  
1
3 14 ,
cos cos 24
3 1
3 2
8 cos cos 24
8 
 

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
 
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 
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 
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 
 
 
   
   
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  
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m
l l
l x y
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 (20b) 
The coefficient B  in Eq. (20a) is: 
    
 
2 2 2
2 2
2
2 2 2 2
, '
3
0
3 3 3
2 2
2
2
2 2
0
9 1 4 6 3 36 1
cos cos cos cos ' cos
4 + 16
   
    
    
   
   
   

 
                                   
 
      
    
     
 
m
l
l l x l
l od
S S S S
i i i i
S
l l l l
i i i i
l ll l ld
B A r A
r
A r r n A r
r r r r
 
3
0
.
                              

 
  
  
 
m
l
l x
l odd l
r n
(21a) 
where  
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 (21b) 
 Here, 0r  is equilibrium bond length, and 
l
xn  and 
l
yn  are the components of the lth 
neighbor direction vector before deformation.  
The positive definiteness of  C  obeys the requirements: 
11 12
11 12
33
0
0.
0
 
 

C C
C C
C
                       (22a) 
The positive definiteness of  D  obeys the requirements: 
11 12
11 12
33
0
0.
0
 
 

D D
D D
D
                      (22b) 
If the conditions in Eq. (22a) are not satisfied, the honeycomb structure cannot resist 
the in-plane distortion. When 11 12 0 C C , the atoms in the materials possess no 
cohesion and these atoms cannot form a solid or even a fluid. When 11 12 0 C C , the 
equibiaxial tension-compression happens spontaneously, and the materials lose the 
ability to resist uniaxial compression. When 33 0C , the ability to resist shear 
deformation vanishes, and it manifests as a fluid. Thus, if the condition in Eq. (22a) is 
not satisfied, the material can be considered to be a gas, gel, or fluid, rather than a solid. 
This is in accord with Born’s results (Born, 1939), which are obtained from an 
investigation of the stability of 3-D materials. 
Moreover, if conditions in Eq. (22b) are violated, the honeycomb structure cannot 
resist out-of-plane perturbation. When 11 12 0 D D  or 11 12 0 D D , the 2-D 
material becomes crimped or saddle-like spontaneously. When 33 0D , the 
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spontaneous twist of suspended 2-D materials occurs. Thus, if the condition in (22b) 
is not satisfied, the honeycomb configuration of 2-D materials cannot stably exist. It 
may change to other configuration of low-D materials or quasi low-D materials, or 
even 3-D materials.  
Generally speaking, the long-range interactions are weak, especially for covalent 
system (e.g., the cutoff radius for carbon bonding is 2.0Å (Brenner et al., 2002)), and 
it can be assumed that the interatomic potential only possesses a short-range interaction, 
that is to say, 0 Li , 
0
=0
 
 
 S
S
i
r
. The total interatomic potential becomes: 
  , ,
1
2
{ } .    Si
S
S r cos cosN                (23) 
 Then we have: 
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The mechanical stability conditions become  
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Graphene is a typical 2-D elemental material with planar honeycomb structure, 
which is made up of carbon atoms. According to second-generation REBO potential 
for carbon bonding (Brenner et al., 2002), we have: 
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As a result, carbon has a stable planar honeycomb structure.  
Here, we clarify whether the other group-IV elements such as silicon and 
germanium have a stable planar honeycomb structure. Since the atoms of silicon and 
germanium are larger than that of carbon, the long-range interaction of these atoms 
also vanishes. We can adopt the Tersoff-type potentials for silicon (Erhart and Albe, 
2005) and germanium(Tersoff, 1989) bonding. The conditions in (27a) for silicon are 
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and for germanium are  
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As a result, the planar honeycomb structures of silicon and germanium are stable 
when the systems are subjected to in-plane perturbations. Whereas, due to weak   
bonding (Cahangirov et al., 2009), the torsion term in interatomic potentials for silicon 
and germanium is negligible. Therefore, 
0
cos




 
 
 
S
i  for silicon and germanium are 
approximately equal to zero, which may lead to non-positive definiteness of  D . For 
a Tersoff-type potential, the values of 
2
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cos cos
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S S
i i  are  0.30 eV  
for silicon and 0.17 eV  for germanium, respectively. This means that the planar 
honeycomb structures of silicon and germanium cannot resist out-of-plane 
perturbation, and they are wrinkled spontaneously.  
This conclusion was also obtained by first-principle studies (Cahangirov et al., 2009; 
Sahin et al., 2009). They reveal that the out-of-plane optical (ZO) phonon modes of 
planar honeycomb structures of silicon and germanium have imaginary frequencies 
(softened modes) and the mode at the   point is the most softened. Therefore, planar 
honeycomb structures of silicon and germanium are unstable. Moreover, they find that 
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honeycomb-like buckled structures are energetically favorable. By solving dynamics 
equations for lattice vibration, we found that the ZO mode at the   point is 
proportional to 
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i i  by only considering the short-range 
interaction. As mentioned above, we have proved that planar honeycomb structures of 
silicon and germanium are unstable because of negative 
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i i . Therefore, this instability condition implies that long-
wave ZO modes are softened, and these soft-modes lead to a spontaneously relative 
vertical displacement of alternate atoms. Then the planar honeycomb structure may be 
translated to a honeycomb-like buckled structure. This is consistent with the results of 
the aforementioned first-principles calculations. 
The phase diagrams derived from Eq. (25) are shown in Fig. 2.  
 
Figure 2. Phase diagrams of a planar honeycomb structure. (a) is derived from Eq. 
(25a), and (b) is derived from Eq. (25b). The relevant derivatives of interatomic 
potential for carbon (Brenner et al., 2002), silicon (Erhart and Albe, 2005), and 
germanium (Tersoff, 1989) are marked by black dots. The gray region corresponds to 
the stable region. The unstable regions are the white region and the edge of the gray 
23 
 
region, which are derived by positive non-positive definiteness and semi-definiteness 
of  C  or  D , respectively. 
 
A square structure is a simple structure. The square structure and the related angles 
of interaction between atom i  and atom j  are shown in Fig.1(c). 
The forms of  C  and  D  in a square structure are the same as those in a 
honeycomb, and using the symmetry in a square structure, we obtain: 
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Similarly, when the potential of a square lattice only possesses short-range 
interaction, we have  
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  It could be defined as:  
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Hence, the mechanical stability conditions of 2-D square structure materials are: 
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The phase diagrams derived from Eq. (29) are shown in Fig. 3. 
 
Figure 3. Phase diagrams of a planar square structure. (a) is derived from Eq. 
(29a), (b) is derived from Eq. (29b). 
 
A triangular structure is also a simple structure. The triangular structure and the 
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related angles of interaction between atom i  and atom j  are shown in Fig.1(d). 
Similarly,  C  and  D  have the same forms of Eq. (19), and the matrix elements 
are:  
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and 
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When the interatomic potential only possesses short-range interaction, we have 
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The mechanical stability conditions are: 
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The phase diagrams derived from Eq. (33) are shown in Fig. 4. 
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 Figure 4. Phase diagrams of a triangular square structure. (a) is derived from Eq. 
(33a), (b) is derived from Eq. (33b). 
 
4. Existence criterion for low-D materials described by typical atomistic 
potential 
4.1.1. Results for pair potential  
The pair potential, which only depends on the radial distance of two interacting 
atoms, possesses the simplest form and it could describe the interatomic interaction of 
some molecular crystals and atomic crystals well. In the case of pair potential, the bond 
angle and torsion angle terms in Eq. (2) vanish, which results in 0
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the dominant contribution to total potential, the equilibrium bond length 0r  must be 
near to pr . As a result, the lth-nearest neighbor distance l pr r  ( 2l  ), and we have 
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. Here, we qualitatively prove that pair potential is inappropriate to 
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describe the physical properties of straight/planar low-D equal-bond-length materials.  
For 1-D monatomic chains, Eq. (17b) can be converted to  
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in this case.  
  Note that Eq. (11a) can be rewritten as  
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This result contradicts the inequation in Eq. (34). It means the pair potential 
cannot be used to investigate 1-D monatomic chains. 
For the three permissible planar 2-D, equal-bond-length lattice structures, the 
inequations derived from the positive definiteness of  D  have the same forms 
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Obviously, these inequations are not independent: the second one can be derived by 
a linear combination of the first and third ones. Owing to the symmetry of the three 
lattice structures, Eq. (12a) can be rewritten as  
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This result contradicts the inequation in Eq. (38), namely,  D  is non-positive definite 
for any pair potential planar 2-D, equal-bond-length materials. 
As a result, by only considering pair potential, the straight/planar, low-D, equal-
bond-length materials are unstable. In this sense, these materials can only be understood 
by assuming multi-body interatomic potentials. 
4.1.2. Results for the REBO potential 
The REBO potential is one of the effective analytical multi-body potentials. Despite 
its lack of long-range interactions, the REBO potential predicts rather accurate value 
for lattice constant, force constants, and elastic constants of diamond and graphite. The 
general formulation of the REBO potential is (Harrison et al., 2015) 
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where ij  is the interaction energy between the neighbor atoms i  and j , and ijr is 
the distance between the two atoms. ( )c ijf r  is defined by a switching function. 
R  
and  A  are pair-additive repulsive and attractive interactions, respectively. ijB  is the 
total bond order between atoms i  and j , and it can be further written as 
=
2
，

 
ij ji
ij ij ij
b b
B T                      (41) 
30 
 
where 
ijb  and jib  are covalent bonding terms, and for elemental materials, it gives 
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kcosb G                    (42) 
where  ijkG cos  represents the contribution of bond angles to the covalent bonding 
term, and it can be expressed as a six-order spline function.  ij  is a conjugation term 
that depends on local conjugation, and 
ijT  is a torsion term 
0
, ,
2c= (1 ) ,os 
 
 
 
 
 ij
k i j l i j
ijklT T                   (43) 
where 0T  depends on the coordinate number.  
  By assuming REBO potential, the mechanical stability condition of 1-D monatomic 
chains in Eq. (17) is: 
0 0 0( ) ,) (   
R A
ijr B r                   (44a) 
 3
1
-1,- -1 0.
2
 
  
 
ijb G                   (44b) 
  Since the interatomic potential increases rapidly when atoms deviate away from the 
equilibrium position, 0 0( ) ( )  
R A
ijr B r  is a relatively large positive value. The 
inequations in Eq. (44a) could be true.  
  As  ijkG cos  is not an analytical function in REBO potential, the properties of 
 ijkG cos  would be illustrated qualitatively. It is reasonable that a smaller angle has 
a much greater influence on bond order than a larger one. Hence  ijkG cos  should 
be a monotonic increasing function, which means   0 ijkG cos . Since 
 {cos } 0 ij ijkb , inequation in Eq. (44b) could be also true. Therefore, the 1-D 
monatomic chains could be stable. 
In the case of REBO potential, the mechanical stability conditions for the planar 
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honeycomb, square, and triangular structures are shown in Eqs. (25), (29), and (33), 
respectively.  
For a honeycomb structure, Eq. (25) yields 
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6
0
 
 
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r B r
B
r B r
r
                (45a) 
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               (45b) 
 As demonstrated above, 0 0( ) ( )  
R A
ijr B r  is a relatively large positive value. The 
inequations in Eq. (45a) could be true. 
0 <0T  implies the energy of a planar configuration is lower than that of twisty 
configuration, and it is the basic requirement for a planar lattice. Since 
 {cos } 0 ij ijkb  and    0 ijkG cos , the conditions in Eq. (45b) could be satisfied 
simultaneously. Therefore, the planar honeycomb structure could be stable. 
   For a square structure, the inequations in Eq. (29) can be converted to  
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0 0( ) 0( ) ,
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   According to the parameters for the angular contribution to the bond order for 
carbon (Brenner et al., 2002) and silicon (Cahangirov et al., 2009) bonding, we assume 
that, for many covalent systems,   ijkG cos  would also be a monotonic increasing 
function and it implies    -1 0 0  G G . However,    -1 0 G G  is an order of 
magnitude larger than 0T , due to the relatively low torsional barrier (Los et al., 2005). 
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Thus, the inequations in Eq. (46b) could contradict each other. The planar square 
structure could not stably exist. 
  For a triangular structure, the conditions in Eq. (33) can be converted to 
.
0 0
0 0 0
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0
 ) ( ) >0
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  It seems that the inequations in Eq. (47) can be satisfied simultaneously. However, 
the coordinate number in planar configuration is no more than 4 because of the 
directivity and saturability of covalent bonding (Pauling, 1960). Since the coordinate 
number of a planar triangular structure is 6, the 2-D structure cannot exist.  
Besides, when the coordinate number increases, the bonds are weakened, which 
results in bond length increases. The bond length of a planar triangular structure seems 
to be relatively long. Take carbon bonding as an example. The bond length of a planar 
carbon triangular lattice is 
0 2.10r Å for the REBO potential. However, the maximum 
cutoff parameter of the switching function ( )c ijf r  is 2.0Å , the carbon atoms in a 
triangular lattice possess no cohesion, and thus it is not stable.  
Therefore, according to the REBO potential, a 1-D monatomic chain and the planar 
honeycomb structure are the most stable configurations. 
 
5. Tentative exploration for 2-D honeycomb-like buckled structure 
Most 2-D materials discovered at present are not in planar forms (Balendhran et al., 
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2015; O’hare et al., 2012; Sahin et al., 2009). As mentioned above, the stable low-D 
structures for silicon and germanium are the honeycomb-like buckled structures, and 
they are respectively called silicene and germanene. In this structure, the neighboring 
atoms are located in different parallel planes with the distance between these two 
planes being 2  (Fig. 5). 
 
Figure 5. The honeycomb-like buckled structure 
Similarly, we explored the existence criterion of a honeycomb-like buckled structure. 
Assuming that the interatomic potential only possesses short-range interaction and the 
torsion angle term vanishes, the total interatomic potential is: 
  
1
,
2
    Si S
S
N r cos ,                   (48) 
where the initial value of 
ijr  is 
2 2
0 4r . 
  An extremal   requires 
00
0
cos
   
    
   Sr
, because there is no 
geometric constraint for 
ijr  and  ijk . In this case, the initial radius of curvature is 
comparable to the atomic spacing when using the description of a single smooth 
curved surface. Therefore, Eq. (5) is no longer applicable for the buckled structure. 
From the viewpoint of differential geometry, the honeycomb-like buckled structure is 
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consists of three surfaces: the upper surface, the middle surface and the bottom surface 
(Fig. 5(b)). The upper surface contains the all the atoms of one of the sub-lattices, the 
bottom one contains the rest, and the middle one is considered as a reference surface. 
Then the deformed 
ijr  and ijkcos  can be derived. Their derivation process is 
described in the Appendix. 
 According to the expressions of deformed 
ijr  and ijkcos , it can be derived that 
strain and curvature are also decoupled in energy. Thus, matrix  Μ  is also block 
diagonal, and then the criterion is derived by the positive definiteness of  C  and 
 D . Because the analytical form of  C  and  D  of a honeycomb-like buckled 
structure is complicated, the optimizing structural parameters and numerical value of 
elements of  C  and  D  for silicene and germanene, which derived by the 
Tersoff-type potential for silicon (Erhart and Albe, 2005) and germanium (Tersoff, 
1989), are shown in Table 1. 
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Silicene 2.18 0.38 27.58 8.46 38.23 5.20 1.73 6.93 
Germanene 2.38 0.25 43.53 -8.75 104.56 15.93 5.31 21.25 
Table 1. The structural parameters and elements of  C  and  D  for silicene and 
germanene, where 13 23 0 C C  and 13 23 0 D D . 
Clearly, both  C  and  D  for silicene and germanene are positive definite. 
Therefore, according to our method, the honeycomb-like buckled structures of silicon 
and germanium are stable rather than a planar configuration. This result is consistent 
with recent theories and experiments of silicene and germanene (Cahangirov et al., 2009; 
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Davila et al., 2014; Feng et al., 2012; O’hare et al., 2012).  
 
6. Summary 
To summarize, an atomistic-based existence criterion for low-D materials is 
established as follows: 1.Determining the permissible structures by deriving the 
extreme value condition of the potential energy   of the system. 2. Determining the 
mechanical stability of these structures by analyzing the positive definiteness of the 
block diagonal matrix  Μ , whose elements are the quadratic terms of the potential 
energy. For straight/planar, low-D, equal-bond-length elemental materials,  Μ  
consists of two square matrixes  C  and  D , and  D  shows the leading feature 
of the stability of low-D materials. The criterion is expressed in the form of inequalities 
for several parameters of interatomic potential, and it varies depending on the lattice 
structure. Only a 1-D monatomic chain, and honeycomb, square, and triangular 
structures are permissible for straight/planar, low-D, equal-bond-length elemental 
materials. It is proved that pair potential cannot apply to these structures. Besides, by 
assuming the REBO potential, a 1-D monatomic chain and honeycomb structure are 
likely to be most stable, whereas a square structure and triangular structure could be 
unstable. We found that carbon can form a stable planar 2-D honeycomb structure, 
while silicon and germanium cannot. Yet, silicon and germanium can remain stable in 
a honeycomb-like buckled structure. Note that the criterion provides the first step of 
stable analysis. It can provide a basic guideline for scientists to choose and fabricate 
stable low-D materials, and it should be improved upon by considering the thermal 
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vibration and external field effects, which is to be discussed in our future work. 
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Appendix. The deformed 
ijr  and ijkcos  in a honeycomb-like buckled structure 
The deformed honeycomb-like buckled structure is shown in Fig. A.1. The strain 
and curvature of the buckled structure is defined as that of the middle surface. The 
projection points of points i  and j  onto the middle surface are 'i  and 'j .  
 
Fig. A.1 The side view of a deformed honeycomb-like buckled structure 
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The vector between the two atoms i  and j is:  
,ij   +ijr r N' N                      (A.1) 
where N  and N'  are the unit normal vector at 'i  and 'j , respectively. In 
addition, ijr  is the vector between 'i  and 'j . 
  For infinitesimal deformation, the form of ijr  is shown in Eq. (5), where n  and 
n  are the direction vector between 'i  and 'j  before deformation.  
  N'  is obtained by Taylor series expansion:  
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The second- and third-order derivatives in Eq. (A.2) are: 
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N'  then becomes: 
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Hence, 
ijr  is expressed by covariant base vectors T  and the unit normal vector 
N  at 'i . The distance between atoms i  and j  is 
ijr  ijr , and 
·ij ik
ijk
ij ik
cos 
r r
r r
. 
 
 
References 
Arroyo, M., Belytschko, T., 2002. An atomistic-based finite deformation membrane for single layer 
crystalline films. Journal of the Mechanics and Physics of Solids 50, 1941-1977. 
Balandin, A.A., Nika, D.L., 2012. Phononics in low-dimensional materials. Materials Today 15, 266-275. 
Balendhran, S., Walia, S., Nili, H., Ou, J.Z., Zhuiykov, S., Kaner, R.B., Sriram, S., Bhaskaran, M., Kalantar‐
zadeh, K., 2013. Two‐dimensional molybdenum trioxide and dichalcogenides. Advanced Functional 
Materials 23, 3952-3970. 
38 
 
Balendhran, S., Walia, S., Nili, H., Sriram, S., Bhaskaran, M., 2015. Elemental analogues of graphene: 
Silicene, germanene, stanene, and phosphorene. small 11, 640-652. 
Born, M., 1939. Thermodynamics of crystals and melting. The Journal of Chemical Physics 7, 591-603. 
Born, M., 1940. On the stability of crystal lattices. I, Mathematical Proceedings of the Cambridge 
Philosophical Society. Cambridge Univ Press, pp. 160-172. 
Born, M., Huang, K., 1998. Dynamical theory of crystal lattices. Oxford university press. 
Brenner, D.W., Harrison, J., White, C., Colton, R., 1991. Molecular dynamics simulations of the 
nanometer-scale mechanical properties of compressed Buckminsterfullerene. Thin Solid Films 206, 
220-223. 
Brenner, D.W., Shenderova, O.A., Harrison, J.A., Stuart, S.J., Ni, B., Sinnott, S.B., 2002. A second-
generation reactive empirical bond order (REBO) potential energy expression for hydrocarbons. Journal 
of Physics: Condensed Matter 14, 783. 
Cahangirov, S., Topsakal, M., Aktürk, E., Sahin, H., Ciraci, S., 2009. Two-and one-dimensional honeycomb 
structures of silicon and germanium. Physical review letters 102, 236804. 
Casari, C.S., Tommasini, M., Tykwinski, R.R., Milani, A., 2016. Carbon-atom wires: 1-D systems with 
tunable properties. Nanoscale 8, 4414. 
Davila, M., Xian, L., Cahangirov, S., Rubio, A., Le Lay, G., 2014. Germanene: a novel two-dimensional 
germanium allotrope akin to graphene and silicene. New Journal of Physics 16, 095002. 
Erhart, P., Albe, K., 2005. Analytical potential for atomistic simulations of silicon, carbon, and silicon 
carbide. Physical Review B 71, 035211. 
Fasolino, A., Los, J., Katsnelson, M.I., 2007. Intrinsic ripples in graphene. Nature materials 6, 858-861. 
Feng, B., Ding, Z., Meng, S., Yao, Y., He, X., Cheng, P., Chen, L., Wu, K., 2012. Evidence of silicene in 
honeycomb structures of silicon on Ag (111). Nano letters 12, 3507-3511. 
Geim, A.K., Novoselov, K.S., 2007. The rise of graphene. Nature materials 6, 183-191. 
Harrison, J.A., Fallet, M., Ryan, K.E., Mooney, B.L., Knippenberg, M.T., Schall, J.D., 2015. Recent 
developments and simulations utilizing bond-order potentials. Modelling and Simulation in Materials 
Science and Engineering 23, 074003. 
Huang, Y., Wu, J., Hwang, K., 2006. Thickness of graphene and single-wall carbon nanotubes. Physical 
review B 74, 245413. 
Ivanovskii, A., 2013. Graphynes and graphdyines. Progress in Solid State Chemistry 41, 1-19. 
Ji, Q., Zhang, Y., Zhang, Y., Liu, Z., 2015. Chemical vapour deposition of group-VIB metal dichalcogenide 
monolayers: engineered substrates from amorphous to single crystalline. Chemical Society Reviews 44, 
2587-2602. 
Jin, C., Lan, H., Peng, L., Suenaga, K., Iijima, S., 2009a. Deriving carbon atomic chains from graphene. 
Physical review letters 102, 205501. 
Jin, C., Lin, F., Suenaga, K., Iijima, S., 2009b. Fabrication of a freestanding boron nitride single layer and 
its defect assignments. Physical review letters 102, 195505. 
Landau, L., 1937. Zur Theorie der phasenumwandlungen II. Phys. Z. Sowjetunion 11, 26-35. 
Lennard-Jones, J., Hall, G., 1924. JE Lennard-Jones Proc, Roy. Soc. Lond. A, p. 441. 
Los, J., Zakharchenko, K., Katsnelson, M., Fasolino, A., 2015. Melting temperature of graphene. Physical 
Review B 91, 045415. 
Los, J.H., Ghiringhelli, L.M., Meijer, E.J., Fasolino, A., 2005. Improved long-range reactive bond-order 
potential for carbon. I. Construction. Physical Review B 72, 214102. 
Lu, W., Nan, H., Hong, J., Chen, Y., Zhu, C., Liang, Z., Ma, X., Ni, Z., Jin, C., Zhang, Z., 2014. Plasma-assisted 
39 
 
fabrication of monolayer phosphorene and its Raman characterization. Nano Research 7, 853-859. 
Mermin, N.D., 1968. Crystalline order in two dimensions. Physical Review 176, 250. 
Mermin, N.D., Wagner, H., 1966. Absence of ferromagnetism or antiferromagnetism in one-or two-
dimensional isotropic Heisenberg models. Physical Review Letters 17, 1133. 
Morse, P.M., 1929. Diatomic molecules according to the wave mechanics. II. Vibrational levels. Physical 
Review 34, 57. 
Novoselov, K., 2011. Nobel lecture: graphene: materials in the flatland. Reviews of Modern Physics 83, 
837. 
Novoselov, K., Jiang, D., Schedin, F., Booth, T., Khotkevich, V., Morozov, S., Geim, A., 2005. Two-
dimensional atomic crystals. Proceedings of the National Academy of Sciences of the United States of 
America 102, 10451-10453. 
Novoselov, K.S., Geim, A.K., Morozov, S., Jiang, D., Zhang, Y., Dubonos, S.a., Grigorieva, I., Firsov, A., 
2004. Electric field effect in atomically thin carbon films. science 306, 666-669. 
O’hare, A., Kusmartsev, F., Kugel, K., 2012. A Stable “Flat ″Form of Two-Dimensional Crystals: Could 
Graphene, Silicene, Germanene Be Minigap Semiconductors? Nano letters 12, 1045-1052. 
Ohnishi, H., Kondo, Y., Takayanagi, K., 1998. Quantized conductance through individual rows of 
suspended gold atoms. Nature 395, 780-783. 
Pacile, D., Meyer, J., Girit, C.O., Zettl, A., 2008. The two-dimensional phase of boron nitride: few-atomic-
layer sheets and suspended membranes. Applied Physics Letters 92, 133107. 
Pauling, L., 1960. The nature of the chemical bond and the structure of molecules and crystals: an 
introduction to modern structural chemistry. Cornell university press. 
Peierls, R., 1935. Quelques proprietes typiques des corpses solides, Ann. I. H. Poincare, pp. 177-222. 
Sahin, H., Cahangirov, S., Topsakal, M., Bekaroglu, E., Akturk, E., Senger, R.T., Ciraci, S., 2009. Monolayer 
honeycomb structures of group-IV elements and III-V binary compounds: First-principles calculations. 
Physical Review B 80, 155453. 
Stuart, S.J., Tutein, A.B., Harrison, J.A., 2000. A reactive potential for hydrocarbons with intermolecular 
interactions. The Journal of chemical physics 112, 6472-6486. 
Tersoff, J., 1989. Modeling solid-state chemistry: Interatomic potentials for multicomponent systems. 
Physical Review B 39, 5566. 
Wu, J., Hwang, K., Huang, Y., 2008. An atomistic-based finite-deformation shell theory for single-wall 
carbon nanotubes. Journal of the Mechanics and Physics of Solids 56, 279-292. 
Zakharchenko, K., Fasolino, A., Los, J., Katsnelson, M., 2011. Melting of graphene: from two to one 
dimension. Journal of Physics: Condensed Matter 23, 202202. 
Zhang, P., Jiang, H., Huang, Y., Geubelle, P., Hwang, K., 2004. An atomistic-based continuum theory for 
carbon nanotubes: analysis of fracture nucleation. Journal of the Mechanics and Physics of Solids 52, 
977-998. 
Zhu, F., Chen, W., Xu, Y., Gao, C., Guan, D., Liu, C., Qian, D., Zhang, S., Jia, J., 2015. Epitaxial growth of 
two-dimensional stanene. Nature materials 14, 1020-1025. 
 
